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Accurate phase diagram of tetravalent DNA nanostars
Lorenzo Rovigatti, Francesca Bomboi, and Francesco Sciortino
Dipartimento di Fisica, Sapienza Universita` di Roma, Piazzale A. Moro 2, 00185 Roma, Italy
We evaluate, by means of molecular dynamics simulations employing a realistic DNA coarse-
grained model, the phase behaviour and the structural and dynamic properties of tetravalent DNA
nanostars, i.e. nanoconstructs completely made of DNA. We find that, as the system is cooled down,
tetramers undergo a gas–liquid phase separation in a region of concentrations which, if the difference
in salt concentration is taken into account, is comparable with the recently measured experimental
phase diagram [S. Biffi et al, Proc. Natl. Acad. Sci, 110, 15633 (2013)]. We also present a mean-
field free energy for modelling the phase diagram based on the bonding contribution derived by
Wertheim in his studies of associating liquids. Combined with mass-action law expressions appro-
priate for DNA binding and a numerically evaluated reference free energy, the resulting free energy
qualitatively reproduces the numerical data. Finally, we report information on the nanostar struc-
ture, e.g. geometry and flexibility of the single tetramer and of the collective behaviour, providing a
useful reference for future small angle scattering experiments, for all investigated temperatures and
concentrations.
I. INTRODUCTION
In the colloidal realm it is possible, in principle, to
fabricate building blocks with desired properties. As a
consequence, by carefully designing the inter-particle in-
teractions, materials with novel and technologically rel-
evant properties could be assembled. In the last decade
a lot of effort has been put into the development of new
techniques aimed at the synthesis of these new genera-
tion of colloidal particles. These recent advances allow
for the creation of an incredible variety of anisotropi-
cally interacting building blocks [1]. The anisotropy can
arise from shape, surface patterning, form of the inter-
actions or a combination thereof. Examples are colloidal
cubes [2, 3], Janus particles [4, 5], triblock Janus parti-
cles [6], patchy particles [7–9], magnetic spheres [10] and
many others. Despite the progress, fabricating monodis-
perse, anisotropic nano– or micro–sized particles with
tunable interactions in bulk quantities such that the col-
lective behavior can be explored is still limited to very
few cases. A fortunate case is offered by DNA constructs,
supramolecules of namometric size, which exploit the
high selectivity of the Watson-Crick base pairing mech-
anism. Recent developments in DNA synthesis and nan-
otechnology have made it possible to exploit DNA as a
building block to produce 2D and 3D crystals [11–14],
hierarchical self-assembly of tiles [11] and self-assembly
of strands into large, albeit inherently finite, structures,
i.e. DNA origamis [15]. DNA can also be used to func-
tionalise colloids by grafting single-stranded DNA (ss-
DNA) molecules on the surface of the particles [16–18].
By choosing strands terminating with complementary se-
quences, the particles can bind to each other via DNA hy-
bridisation and self-assemble into disordered or ordered
structures [17, 19–23].
Very recently, the phase diagram of a system of limited-
valence particles, consisting entirely of DNA strands, has
been experimentally measured. Particles are composed
by different single strands, properly designed to self-
assemble into nanostars at a desired temperature via the
Watson-Crick pairing. A short single-strand sequence is
left at the end of each arm to provide bonding betwen dif-
ferent constructs. Figure 1 shows a sketch of the two-step
self-assembling process that the strands undergo. At high
temperature T , above the melting temperature of single
tetramers, all the DNA is in single-stranded form and
there are no DNA constructs. As the system is cooled
down, tetramers start to form, but they weakly interact
with each other. When T is significantly lower than the
melting temperature of single tetramers, DNA constructs
start to form bonds through the tips of the arms. These
sticky ends are self-complementary and allow for inter-
tetramer bonding. These star-shaped constructs with
three (DNA trimers) or four (DNA tetramers) arms have
been studied to investigate the effect of lowering the va-
lence on the location of the gas–liquid coexistence region
of the phase diagram [24].
The experiments have confirmed previous theoretical
and numerical predictions, in that the gas-liquid insta-
bility region has been shown to shrink and move to
low temperatures and concentrations as the valence de-
creases [24], giving rise to very low-density, open equi-
librium networks, the so-called empty liquids [25–27].
These DNA constructs can be considered as a realisa-
tion of patchy particles, which, in the last years, have
been used as simple model systems to predict the exis-
tence and investigate the properties of exotic states of
matter such as empty liquids [25], open crystals [28, 29],
reentrant gels [30] and self-assembling systems [31, 32].
The phase behavior of a very primitive model for DNA
tetramers, composed by four DNA strands attached to
a central core, has been previously numerically investi-
gated in a series of studies [17, 19, 33]. This simple model
predicted the existence of a gas-liquid unstable region at
low densities, followed at larger densities by a gel phase
in which tetramers form an extended network of fully
bonded particles. In this article we improve on these
previous studies by employing a more realistic coarse-
grained DNA model recently developed by Ouldridge et
al. [34–36]. This model is quite accurate in predicting
2FIG. 1. The investigated two-step self-assembly process. (a)
At very high temperatures (T & 80 ◦C) there are no hydrogen
bonds between the strands. (b) For intermediate T (50 ◦C .
T . 80 ◦C) single strands start to hybridise and tetramers
are formed. (c) Upon further cooling, tetramers are linked
together by hybridisation of the sticky ends. Each different
strand color corresponds to a different sequence (see Table I).
All the sticky ends have the same palindromic sequence and
hence they can bind to each other regardless of the strand
they are part of.
the melting temperature of DNA sequences, the correct
single and double strand persistence lengths in addition
to base pair selectivity. It thus provides an excellent tool
for DNA nanotechnology applications. We simulate the
same DNA sequences used in the experimental study of
Ref. [24], offering a microscopic description of the collec-
tive phenomena experimentally observed. More specifi-
cally, we make use of extensive molecular dynamics sim-
ulations on graphic processor units (GPUs) to simulate
bulk systems of DNA tetramers at different concentra-
tions and temperatures. We focus on the region of the
phase diagram where the DNA constructs undergo a gas-
liquid-like phase separation and we study the structure
and the dynamics as the system approaches the spinodal
curve. As shown in the following sections, the use of a
realistic model of DNA, consistent with the experimental
melting curves as parametrized in the SantaLucia frame-
work [37], offers the possibility of developing a theoret-
ical formalism for evaluating the gas-liquid phase coex-
istence which can be first tested against the numerical
findings and then against the experimental results. We
do so by combining the bonding free energy proposed
by Wertheim in his studies of associating liquids [38–
40], the Santa Lucia mass-action law expressions and a
numerically-evaluated reference free energy at the virial
level. The resulting expression properly models the nu-
merical data and the experimental results.
Strand sequences
CTACTATGGCGGGTGATAAAAACGGGAAGAGCATGCCCATCCACGATCG
GGATGGGCATGCTCTTCCCGAACTCAACTGCCTGGTGATACGACGATCG
CGTATCACCAGGCAGTTGAGAACATGCGAGGGTCCAATACCGACGATCG
CGGTATTGGACCCTCGCATGAATTTATCACCCGCCATAGTAGACGATCG
TABLE I. The strand sequences designed to self-assemble into
tetramers. We use the same sequences used in the experi-
mental work of Biffi et al. [24]. Coloured nucleotides form the
double-stranded parts of the arms, spacers are in grey and
sticky ends are in black.
II. NUMERICAL METHODS
The interaction forms and parameters of the coarse-
grained DNA model we employ, oxDNA, are chosen to
reproduce structural and thermodynamic properties of
both single- and double- (dsDNA) stranded molecules of
DNA in B-form. All interactions between nucleotides
are pairwise, continuous and differentiable. The only
sequence-dependence of the model we use here is in the
specificity of the Watson-Crick bonding. A new version
of the model, which features a limited sequence depen-
dence also in the interaction strengths, has been recently
developed [41].
The interactions between nucleotides account for ex-
cluded volume, backbone connectivity, Watson-Crick hy-
drogen bonding, stacking, cross-stacking and coaxial-
stacking. The interaction parameters have been adjusted
in order to be consistent with experimental data [35, 37,
42]. In addition, the model is parametrised for a spe-
cific value of salt molarity (0.5M NaCl). In computing
the concentration c we use an average nucleotide mass of
m = 330 Da. A code implementing the oxDNA model is
freely available on the web [43].
We perform brownian simulations and investigate sys-
tems consisting of 100 DNA tetramers. Each tetramer is
formed by four strands, each composed of 49 nucleotides.
Strand sequences are presented in Table I. Each sequence
can be divided into three regions, separated by one or
two nucleotides that act as spacers and provide flexi-
bility to the centre of the tetramer and to the sticky
ends. The first two regions are 20-base long and are de-
signed to form the double-stranded parts of the arms.
The third region, composed of 6 nucleotides, is identical
in all four sequences and self-complementary. This final
sequence functions as a sticky end, allowing for inter-
tetramer bonds. The difference in length between the
double-stranded arms and the sticky ends provides a sep-
aration in between the temperature at which tetramers
assemble and the temperature at which they start to form
a network.
The system contains a grand total of 19600 individual
rigid bodies, interacting through a very complicated and
numerically-intensive potential. By harvesting the com-
putational power of modern GPUs we are able to boost
up performances by a factor 40 − 50, if compared with
CPU simulations. Equilibration and production simula-
3tions have been run up to 109 MD steps for each state
point, corresponding to ∼ 10 µs of real time. Without
the speed-up provided by the GPU code, each investi-
gated system would have taken up to decades on a single
CPU core.
We construct an initial tetramer by putting a high con-
centration (c ≈ 100 mg/ml) of an equal number of con-
stituent strands in the simulation box. We then simu-
late the system at T = 60 ◦C, below the single tetramer
melting temperature but above the temperature at which
tetramers start to assemble. As soon as a defect-free,
complete tetramer is formed we extract and replicate it
to generate initial configurations at different concentra-
tions.
We simulate systems in a temperature range 39 ◦C ≤
T ≤ 48 ◦C for five different concentrations, namely
7.2 mg/ml, 12.2 mg/ml, 16.3 mg/ml, 20.0 mg/ml and
24.0 mg/ml, which correspond to box sizes of, respec-
tively, L ≈ 114, 95.5, 86.4, 81.1 and 76.3 nm. Fig. 2
shows images of representative configurations at differ-
ent state points.
In the following analysis, we consider two tetramers as
bound to each other if their sticky ends share at least
three bonded nucleotides. Two nucleotides are regarded
as bonded if the interaction energy term due to hydrogen
bonding is less than −0.1ǫ, where ǫ is the energy unit
of the model. We note that changing either threshold
does not significantly affect the results, since two sticky
ends share nearly always either zero or all six fully-formed
base-pairs. This is to be expected, since free-energy pro-
files of duplex formation below the melting temperature
show that fully-hybridised structures are by far the most
stable configurations if, as in the present case because of
dangling-end stabilisation, the fraying effect is not rele-
vant [35, 44].
We note that one way of producing empty liquids [25–
27], is to employ valence-limited particles that fulfil the
single-bond-per-patch condition. For the system studied
in this work the very nature of DNA hybridisation sat-
isfies this condition, although the large flexibility of the
arms may enable multiple bonding between neighbours.
In order to check if this is the case we compute the frac-
tion of multiple bonds, i.e. the number of bonds that
connect the same pair of tetramers over the total num-
ber of bonds. The results show that, at the lowest stud-
ied temperature, there are no more than a few percent
(up to 5%) of multiple bonds. Such a value should not
significantly affect the network topology of the resulting
gel.
In the following, if not otherwise stated, we use the
centres of mass of tetramers to carry out analyses of the
configurations.
III. THEORY
In order to theoretically estimate the location of the
gas–liquid phase transition we combine Wertheim’s the-
ory [38–40] with accurate mass action law describing
DNA binding. The basic assumptions of Wertheim’s the-
ory are that (i) all bonds are independent, i.e. the state
of a patch, being it either bonded or unbonded, does not
depend on the state of any other patch, and (ii) no bond
loops form in the finite size aggregates (i.e. no intra-
cluster bonds). Under these hypothesis, the formation of
one bond in the system requires the decrease by one of
the number of clusters. Indeed, the Helmholtz free en-
ergy of the system at temperature T and number density
ρ can be written as
βF (T, ρ) = βFref(T, ρ) + βFbond(T, ρ) (1)
where Fref(T, ρ) is the free energy of the reference state
(the state in which no bonds are present) and Fbond(T, ρ)
is the free-energy contribution due to the bonding be-
tween distinct tetramers. In the case of a one-component
system of tetrafunctional particles, Wertheim’s theory
provides an expression for the latter in term of bond
probability pb, defined as the fraction of formed bonds
over the total number of possible bonds, i.e. the proba-
bility that one arm of a tetramer is engaged in a bond.
The expression reads
βFbond(T, ρ) = N
(
log
[
(1− pb(T, ρ))
f
]
+
f
2
pb(T, ρ)
)
(2)
where N is the number of particles, f is the particle va-
lence (4 for tetramers).
Since the free energy depends solely on f and pb, in
Wertheim’s framework all systems with the same f (and
the same reference free energy) share the same thermo-
dynamic behaviour, provided that pb is used as a scaling
variable [45]. For example, having the hard-sphere fluid
as a reference system results in the critical pb for patchy
particles with f = 4 yielding the value pcb ≈ 0.64, irre-
spective of the patch shape and interaction strength.
In the case of DNA nanostars, the reference free en-
ergy coincides with the free energy of a system in which
the sticky ends bases are scrambled in such a way that
Watson-Crick pairing does not occur and no inter-star
bonds can form. Under this condition, the residual inter-
action between different nanostars is essentially provided
by excluded volume, and hence T independent.
To compute the reference free energy we evaluate the
equation of state of a system of tetramers at T = 40 ◦C
by simulating tetramers with sticky ends that cannot
bind. We then fit the density dependence of the os-
motic pressure with the virial expression, estimating
in this way the second virial coefficient B2. We find
B2 = 2100± 190 nm
6. The corresponding reference free
energy is thus
βFref(T, ρ) = N
(
log ρ− 1 +B2ρ
2
)
(3)
where we assume that B2 does not depend on T .
4FIG. 2. Snapshots taken from simulations at concentration
c = 7.2 mg/ml (left panels) and c = 24.0 mg/ml (right panels)
at high (T = 48◦ C) and low (T = 39◦ C) temperature.
Tetramers are coloured according to the size of the cluster
they are part of. At high temperatures (top panels) there are
mostly small clusters (depicted in red, green and magenta).
Upon lowering T , the system starts to form clusters. At the
lowest T (bottom panels) the system at low concentration is
inhomogeneous whereas, at high concentration, a percolating
cluster spans the whole simulation box.
The last missing term is the ρ and T dependence of
the bond probility pb, a quantity controlled by the mass
action law. Luckily, accurate estimates of pb(T, ρ) for
arbitrary DNA sequences are available in the literature
(and on the web), since they enter in all oligocalculator
programs. In the present case we compute pb(T, ρ) for
the sticky end sequence CGATCG with NUPACK [46].
Once an expression for pb(T, ρ) has been chosen, it
becomes possible to locate the spinodal line as the locus
of points such that the derivative of the pressure P =
ρ2
N
∂βF
∂ρ
is zero and the critical point with the additional
condition that the third derivative vanishes.
IV. RESULTS
A. Single tetramer conformation
The oxDNA model is tailored at reproducing on a
quantitative level the structure and the thermodynam-
ics of both single-stranded and double-stranded DNA
molecules. In addition, oxDNA can potential be ap-
plied to study DNA origamis and other supramolecular
DNA assemblies [47]. Therefore, since the conformation
of single tetramers cannot be easily investigated in exper-
iments, computer simulations can provide a valuable tool
to predict and inspect the microscopic structure of these
DNA constructs. These calculations can then be used as
feedback to experimentalists, to be compared with small
angle X-ray or neutron scattering to design better build-
ing blocks.
We start the analysis by investigating the structure
of single tetramers as T and c vary. We look at the
distance r between the centres of two bonded tetramers
and the angle θ between triplets of bonded tetramers,
averaged over all the configurations at a given T and
c. The results are presented in Figure 3. For both r
and θ there is no clear trend with c within our numerical
error, i.e. the conformation of bonded tetramers does not
vary significantly with concentration in the investigated
c-range. Regarding the T dependence, θ is not affected
by T , whereas r shows a clear trend (up to a few percent)
in the considered T -range. This increase in the centre-to-
centre distance arises possibly from the stiffening of the
central junctions and to the increase of the persistence
length as the system is cooled down [48].
To quantify the shape of the nano-star we compute the
principal moments of inertia of the tetramers λ1, λ2 and
λ3 by diagonalising the tensor of inertia associated to
each tetramer. We then define the anisotropy parameter
as
k2 = 1−
27(λ1λ2λ3)
(λ1 + λ2 + λ3)3
. (4)
The anisotropy parameter for spherically symmetric en-
sembles of particles is k2 = 0, whereas linear chains have
k2 → 1. Planar arrangements, on the other hand, have
k2 = 5/32 ≈ 0.16 [49]. k2 for all investigated state points
is presented in Fig 3(c). For reference, a tetramer with
arms oriented towards the vertices of a perfect tetrahe-
dron yields k2 ≈ 0.012. Although slightly noisy, the re-
sults show that the simulated tetramers tend to be pla-
nar rather than on a tetrahedron, a conformation that
can also be found in Holliday junctions [50]. As T de-
creases k2 grows, while changing the concentration does
not have a large impact, with only the lowest-c curve
having a noticeably higher anisotropy.
We confirm the planar arrangement of the arms by
computing the intra-tetramer patch-patch angle θp. We
first calculate the centres of mass of each tetramer t, rt,
and of each of its sticky ends, rit (i = 1, 2, 3, 4). We then
compute θp as the angle formed by a pair of patches with
respect to the tetramer’s centre of mass, that is
θp(i, j) = acos


(
r
i
t − rt
)
·
(
r
j
t − rt
)
∣∣
r
i
t − rt
∣∣ · ∣∣∣rjt − rt
∣∣∣

 (5)
Figure 3 shows the distribution of the patch-patch an-
gle P (θp) at the highest concentration, c = 24.0 mg/ml,
and lowest temperature, T = 39◦ C. First of all we note
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FIG. 3. (a) Average distance r and (b) average angle between
bonded tetramers θ for all the investigated state points. The
spike in panel (b) is due to statistical noise. (c) Anisotropy pa-
rameter as defined in Eq. 4 for all the investigated state points.
(d) Probability distribution of the intra-tetramer patch-patch
angle θp, as defined in the text, for c = 24.0 mg/ml and
T = 39◦ C.
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FIG. 4. (a) Bond probability pb as a function of T for all the
investigated state points (symbols). The dashed lines are the
theoretically estimated melting curve of hexamers of sequence
CGATCG (the same as tetramers’ sticky ends). (b) Probability
for a tetramer to have a coordination number n, i.e. n arms
bonded, for c = 24.0 mg/ml at all investigated temperatures
(symbols) and as predicted by the random percolation theory,
Eq. 6 (lines).
that the distribution is not peaked around the tetrahedral
angle 109.5◦, but at larger angles, consistent with a non-
tetrahedral conformation and with a planar X-shaped
arrangement of the arms. In addition, the large width
of the distribution is another signal of the flexibility of
the tetramers. P (θp) also exhibits a peak at very small
angles due to bonds between sticky ends belonging to the
same tetramer. The number of such intra-tetramer bonds
is always very small, of the order of fraction of percent,
and decreases with decreasing temperature.
B. Bond probability and average cluster size
To investigate the static structure of the system and
to quantify the extent of the self-assembling process we
compute the bond probability pb, the fraction of formed
bonds compared to the maximum number of possible
bonds (two times the number of tetramers).
Figure 4 shows pb as a function of T for all the investi-
gated state points. pb is a monotonically increasing func-
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FIG. 5. Average cluster size 〈s〉 as a function of T for all the
investigated state points.
tion of inverse temperature and concentration. We also
compare these numerical values with the theoretical melt-
ing curves of hexamers having the same sequence as the
sticky ends (CGATCG). The theoretical curves, shown
as dashed lines in Figure 4(a), have been computed by
NUPACK, a software suite for the analysis and design
of nucleic acid systems [46], using nearest-neighbour em-
pirical parameters [37] and then calculating free energies
and equilibrium concentrations of the DNA in either its
single-stranded or double-stranded form. The two sets of
data are rather similar, suggesting that, in the explored
T range, bonds behave in a rather independent way. It
also confirms that this analytic expression for the mass
action, consistent with simulation data, is available in the
literature and can be safely compared with numerical and
experimental results. We can also use pb in the frame-
work of percolation theory [51] to investigate the connec-
tivity of the system. Figure 4(b) shows the probability
P (n) for a tetramer to have a coordination number n,
that is, n bonded neighbours, for the high-concentration
case. As T decreases the average coordination number
increases and non-bonded tetramers become more and
more rare. Figure 4(b) also shows P (n) as predicted by
the random bond percolation for four-coordinated parti-
cles by the probability distribution function
P (n) =
4!
n!(4− n)!
pnb (1 − pb)
4−n. (6)
The good agreement between numerical and theoretical
results suggests that we can safely interpret the ongoing
bonding process as a random percolation mechanism.
As T is lowered, tetramers at all concentrations start to
form larger and larger clusters. We investigate the extent
of this aggregation by computing the average cluster size
〈s〉, defined as the number of tetramers N divided by the
number of clusters Nc. Finite size effects are expected
when 〈s〉 becomes of the same order as N .
Figure 5 presents 〈s〉 for all the state points. Similarly
to pb, 〈s〉 increases monotonically with decreasing T or
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FIG. 6. Probability percolation for all the investigated con-
centrations as a function of temperature. The c = 7.2 mg/ml,
T = 42◦C value is due to a percolating chain and therefore it
is a finite-size effect. Lines are guides for the eye, computed
by fitting the numerical data to sigmoidal functions.
increasing c. At the lowest concentration tetramers form
small clusters only, and the average cluster size does not
change much upon lowering T . By contrast, as c increases
〈s〉 starts to grow more rapidly with decreasing T and,
at the highest concentration c = 24 mg/ml, the average
cluster size increases from ≈ 2 to ≈ 30 in the investigated
region of T .
C. Percolation
The growth of the cluster brings in a percolation tran-
sition, when the cluster size becomes comparable to the
system size. In mean-field, percolation of tetrahedral par-
ticles is expected to take place when pb = 1/3 [51]. In or-
der to qualitatively estimate the percolation line we start
by computing the percolation probability pp, which is de-
fined as the fraction of configurations containing a span-
ning (infinite) cluster. We detect percolation by veryfing
that in the bulk system obtained by replicating the sim-
ulated finite-size box, an infinite size cluster is present.
Fig. 6 shows pp against T for all the concentrations.
The percolation probability in finite systems has a sig-
moid shape that gets steeper as the system size is in-
creased, eventually becoming a non-analytic function in
the thermodynamic limit. Since the computational cost
of a finite-size scaling study is prohibitive, we rely on the
results obtained at a single box size. We estimate the per-
colation temperature Tperc by making cuts at pp = 0.5
in Fig. 6. The results are shown in Fig. 11. We find
the bond probability at percolation to be ppb ≈ 0.46 at all
concentrations, a value significantly larger than the mean
field value 1/3. The larger number of bonds necessary to
percolate can be explained by the fact that the mean
field value does not account for the possibility of form-
ing loops of bonds. In addition, we have noticed that a
small fraction of bonds are involved in double bonds (i.e.
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FIG. 7. Top: static structure factor S(q) for different tem-
peratures for (a) c = 12.2 mg/ml and (b) 24.0 mg/ml. The
lowest-q value for the T = 39 ◦C, c = 12.2 mg/ml S(q) is ≈ 5
(not shown). Bottom: S(q) at T = 39 ◦C for all the stud-
ied concentrations. The inset shows the first peak in greater
detail.
pairs of tetramers with more than one arm bonded), ef-
fectively decreasing the propagation of connectivity. For
reference, the previous study of DNA dendrimers pre-
dicted ppb ranging from ∼ 0.32 to pb ∼ 0.42, depending
on concentration [19].
D. Structure factor
To provide an estimate of the location of the phase-
separation region we study how the static structure factor
S(q) evolves with concentration and T . The results are
shown in Fig. 7.
Upon lowering T , the S(q) becomes more structured,
with the height of the peaks and the depth of the min-
ima increasing. The nearest-neighbour peak of the S(q),
related to the inter-tetramer bonding, is always located
around q ≈ 0.5, but its position moves slightly towards
larger q as the concentration is increased. This value of
q corresponds to a real-space distance of r ≈ 12.6 nm.
For comparison, the value obtained by considering two
bonded tetramers in the minimum of the energy is r ≈
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FIG. 8. Extrapolated scattered intensity to the power of γ
as a function of T for all the studied concentrations (points).
Linearly extrapolating to 0 (dashed lines) gives the tempera-
tures at which the spinodal is encountered for each value of
c.
14.8 nm. As we have seen in Figure 3(a), r approaches
this limiting value on cooling. We also note that there is
no evidence of a pre-peak, the typical signature of tetra-
hedral networks. It has been recently shown that there is
a clear correlation between the strength (or the presence)
of the pre-peak and the variance of the center-center-
center angle θ distribution [52]. For very wide θ distribu-
tions (as in the present case) the pre-peak is expected to
be missing, since there is no sufficient geometrical corre-
lation to establish a tetrahedral network.
The growth of the low-q limit of S(q), related to the
isothermal compressibility of the system via the relation
S(q → 0) ∝ χ−1, signals the development of structural
heterogeneities. A divergence of S(q → 0) is a sign of the
approach of a thermodynamic instability (the gas-liquid
transition in our case). In these cases, the low-q limit of
the structure factor provides a method to estimate the
critical T or the spinodal temperature Ts. Indeed, near a
gas-liquid spinodal the compressibility factor χ diverges
as a power law with exponent γ = 1.25, and therefore
S(q → 0)−1 ∝ (T − Ts)
−γ . (7)
Experiments performed on the critical isochore showed
that the scattered intensity, proportional to S(q) is well
represented by a Lorentzian function
S(q) =
S(0)
1 + q2ξ2
(8)
where ξ provides a measure of the thermal correlation
lenght. In analogy to the analysis performed on the ex-
perimental data we fit the low-q part of the structure fac-
tor according to Eq. 8. From the T -dependence of S(0),
we find the temperature at which the compressibility di-
verges according to Eq. (7). Unfortunately, the small
number of tetramers investigated and the corresponding
8100
102
104
<
r2
(t)
> [
nm
2 ]
100 102 104
t [ns]
100
102
104
<
r2
(t)
> [
nm
2 ]
100 102 104
t [ns]
T = 39 °C T = 42 °C
T = 45 °C T = 48 °C
FIG. 9. Mean-square displacement at c = 7.2 mg/ml (black
lines), c = 12.2 mg/ml (red lines), c = 16.3 mg/ml (green
lines), c = 20.0 mg/ml (blue lines) and c = 24.0 mg/ml
(orange lines) for four different temperatures (from top left,
T = 39 ◦C, 42 ◦C, 45 ◦C and 48 ◦C.
small simulation box size limit the number of small-angle
wave-vectors which can be used in the fit. Fig. 8 shows
the numerical results and the obtained fitting curves for
all the investigated concentrations but the highest one.
The resulting spinodal estimate is reported in Fig. 11.
At the largest density investigated the structure factor
does not show a divergence on cooling. The small angle
structure factor grows on cooling but then it saturates to
a constant, consistent with the expectation of an equilib-
rium gel [26]. Indeed, when the system is well beyond the
percolation threshold, all particles are part of the same
infinite cluster and most of the bonds are formed. Fur-
ther cooling does not alter the structure of the system
and, as a consequence, the topology of the network does
not evolve any more [53, 54].
E. Mean-square displacement
Next we investigate the dynamics of the system by
evaluating the mobility of the tetramers. Fig. 9 shows
the mean-square displacement (MSD) 〈r2(t)〉 for several
concentrations and temperatures. At long time the sys-
tem enters a diffusive regime, where 〈r2(t)〉 ∝ t and the
dynamics can be quantified by the diffusion coefficient D,
defined as
D = lim
t→∞
〈r2(t)〉
6t
. (9)
Fig. 10 shows D for all the investigated state points. To
access the origin of the dynamic slowing down, it is use-
ful to draw in the phase diagrams lines of iso-diffusivity,
i.e. lines where the characteristic diffusive time of the
particles is comparable. Two of these loci are shown in
Fig. 11. These lines appear to be parallel to the perco-
lation line (i.e. close to iso-pn lines), as found in other
38 40 42 44 46 48
T [°C]
0.0
0.5
1.0
1.5
2.0
D
 [n
m2
 
/ n
s]
c =   7.2 mg/ml
c = 12.2 mg/ml
c = 16.3 mg/ml
c = 20.0 mg/ml
c = 24.0 mg/ml
FIG. 10. Diffusion coefficients for all the investigated state
points. Lines are guides for the eye.
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FIG. 11. Phase diagram of the system. By extrapolating
the scattered intensity of all the investigated state points we
are able to estimate the location of the spinodal curve (red
squares). The blue dotted line is the experimental phase di-
agram measured at a ionic strength of 50 mM NaCl [24].
Dashed lines are isodiffusivity curves, while the black solid
line is the percolation locus. The magenta circle signals the
position of the theoretical critical point, while the theoretical
spinodal curves are represented as magenta solid lines.
gel-forming systems [19, 26]. This suggests that the main
origin of the slowing down of the dynamics is the pro-
gressive bond formation. Finally, we note that at low T
the diffusive regime is preceded by an intermediate sub-
diffusive regime, which is more and more pronounced as
concentration is increased. Such a sub-diffusive regime
possibly signals the onset of the slow dynamics associ-
ated with the gel formation.
F. Phase diagram
Fig. 11 shows all the investigated state points and
the obtained results, the theoretical phase diagram as
computed by Wertheim’s theory as well as the exper-
imental phase diagram recently measured experimen-
9tally [24]. The experiments have been carried out at the
very low salt concentration 50 mM NaCl, which explains
the difference in temperature between the two phase dia-
grams [55, 56]. We note that performing experiments at
high salt concentration may be more convenient as the
phase separated system is stable well above room tem-
perature.
The difference in concentration, roughly 30%, can be
similarly explained by noting that it converts to a differ-
ence in the inter-tetramer bonding distance ≈ 10%. This
change can be qualitatively understood in the framework
of Wertheim’s theory. Indeed the lower ionic strength
enhances the repulsion between the negatively charged
DNA strands. This, in turn, effectively increases the con-
tribution to the pressure due to the reference free energy,
βFref , moving the critical point and the spinodal line to
lower concentrations. Even though it has been proven
possible to theoretically estimate the salt-dependence of
the first virial coefficients of DNA double strands [57–60],
there are no theoretical approaches to do so for more com-
plicated structures such as these DNA constructs. We
plan to experimentally investigate the effect of salt con-
centration on the phase diagram as a next step towards
a deeper understanding of the structure and dynamics of
DNA constructs.
We see that Wertheim’s theory is able to qualitatively
capture the thermodynamic of the system. The theoret-
ical critical temperature, Twc = 34.5
◦ C, is very close to
the numerical one, Tc ≈ 38
◦ C, with a relative difference
in absolute temperature of about 1%. On the other hand,
the theoretical critical concentration as computed by the
Wertheim’s theory is roughly half of the numerical one,
as observed in similar limited-valence systems [25, 61].
As previously done, we ascribe this difference, which de-
creases as the valence goes down, to the presence of dou-
bly bonded tetramers and of loops in finite clusters, both
of which are not taken into account by Wertheim’s the-
ory. The theoretical critical bonding probability comes
out to be pcb = 0.52. In order to estimate the numerical
pcb we take the concentration having the higher spinodal
temperature (c = 12.2 mg/ml) as the critical concentra-
tion. By doing so we obtain pcb ≈ 0.51, a value very close
to the theoretical one.
V. CONCLUSIONS
In this article we have investigated the phase behaviour
and the dynamics of DNA tetramers, i.e. DNA con-
structs of valence f = 4. The primary constituents are
ssDNA molecules which have been designed to first self-
assemble into tetramers and then, upon lowering the tem-
perature, to reversibly form networks of inter-tetramer
bonds. This experimental realisation of limited-valence
particles is expected to undergo at low temperatures a
phase separation between a gas-like diluted phase and
a low-concentration, percolating, liquid-like phase. This
opens up a region of intermediate concentrations in which
the system can be cooled down without encountering any
thermodynamic instability. By changing the valence, i.e.
by employing constructs with a smaller number of arms,
the properties of the resulting thermoreversible gel, an
empty liquid [25, 27], can be opportunely tuned.
The present study, featuring very lengthy, large-scale
numerical simulations on GPUs, is a step forward in the
direction of quantitatively predicting the whole phase di-
agram of DNA constructs. Indeed, being able to calculate
the thermodynamic and dynamic behaviour of complex
systems is of paramount importance for designing the
materials of tomorrow. By using a sophisticated, realis-
tic model of DNA, simulated on GPUs in order to obtain
the required performance speed-up, we have managed,
for the first time, to study a bulk system composed of
19600 nucleotides. We have observed the formation of
clusters and, eventually, the appearance of a inhomoge-
neous percolating network signalling the approaching of
the phase separation. We note that the resulting network
structure has a tetrahedral nature, as demonstrated by
the average value of the angle between bonded triplets of
tetramers, even though the tetramers themselves lack a
tetrahedral symmetry.
The calculated phase diagram bears similarities with
very recent experimental results [24]. Unfortunately, the
experiments were performed at a very different salt con-
centration, making it impossible to quantitatively com-
pare the two phase diagrams. Nevertheless, preliminary
results show that carrying out experiments at a salt con-
centration of 0.5M NaCl increases the spinodal tempera-
ture by 10−15 ◦C, values which are in line with numerical
results. We have also shown that it is possible to com-
pute also some characteristic locii like percolation lines
and isodiffusivity curves.
We have shown that it is possible to compute the ther-
modynamics and dynamic properties of DNA constructs,
providing a way of helping in designing novel materials
with tunable properties. The reported simulations partly
suffer from size limits but show a lot of potential for fu-
ture applications. Indeed, with the computational power
ever increasing, it will be soon possible to perform stud-
ies like the present one in a very automated and fast way,
so that it will be possible to rely on these results to finely
adjust the material properties.
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